Abstract -A representation of an arbitrary system of strict linear inequalities in R n as a system of points is proposed. The representation is obtained by using a so-called polarity. Based on this representation an algorithm for constructing a committee of a plane system of linear inequalities is given. A solution of two problems on minimal committee of a plane system is proposed. The obtained solutions to these problems can be found by means of the proposed algorithm.
INTRODUCTION

Definition.
A committee [1] of a system { D j } j ∈ J of sets D j ⊂ X is a finite collection (with possible repetitions) of elements of X such that every set D j contains more than half of members of the collection. A committee of a system of strict linear inequalities in R n is a committee of system of half-spaces that are the sets of solutions to the corresponding inequalities.
A committee with the minimal number of elements (taking into account their multiplicity) for a given system of sets is called a minimal committee . One of the problems of committee theory is to find an algorithm for constructing a minimal committee of a system of strict linear inequalities in R n for an arbitrary positive integer n . In the case of a system of strict homogeneous linear inequalities on a plane, this problem is completely solved in [1] . The case of inhomogeneous plane systems, as well as the case of homogeneous systems for n > 2, remains unsolved.
In this paper, the representation of an arbitrary system of strict linear inequalities in R n is proposed as a system of points being the union of two sets of points Ꮽ and Ꮾ , where Ꮾ contains a zero point. In this case, the solution of the system is reduced to constructing a hyperplane that strictly separates these two sets. Finding a committee of the system is reduced to constructing a collection of open half-spaces not containing the zero point in their closures such that each point of Ꮽ (of Ꮾ , respectively) lies inside of the intersection of a majority of half-spaces (inside of the intersection of exteriors of a majority of half-spaces, respectively) of this collection.
Consider the problem of constructing a minimal committee of a system of strict linear inequalities on the plane. In this paper, an algorithm for constructing a committee is proposed, which is based on the representation of this system as a system of points. The solution of two problems on the minimal committee of such systems is given, and the obtained solutions to these problems can be found by using of the proposed algorithm.
REPRESENTATION OF AN ARBITRARY SYSTEM OF LINEAR INEQUALITIES AS A SYSTEM OF POINTS
Definition of polarity. Let S be a unit sphere centered at 0 that is defined in the n -dimensional Euclidean space. Consider a hyperplane H such that 0 ∉ H . Let c = c ( H ) be the foot of the perpendicular dropped from 0 onto this hyperplane. Associate with the hyperplane H a point c * = c *( H ), c * = σ ( c ), where σ ( c ) = is the inversion of the point c with respect to the sphere S .
Such a construction can be performed for any hyperplane that does not contain 0. The corresponding point c *( H ) is uniquely defined by the hyperplane H . Conversely, associate with an arbitrary point c *, c * ≠ 0 a hyperplane that is perpendicular to the interval [0, c *] and that passes through the point σ ( c *). These constructions set a bijection called polarity between the set of hyperplanes and the set of points of n -dimensional Euclidean space [2] .
Let us use the polarity for constructing a correspondence between the set of points of the Euclidean space and the set of half-spaces.
Polar correspondence.
Consider an arbitrary open half-space P with the boundary hyperplane H such that 0 ∉ H . The polarity associates a point c * with the hyperplane H . If 0 ∈ P , we color c * red; if 0 ∉ cl P , we color c * black. Thus, open half-spaces that contain 0 correspond to red points, and open half-spaces that do not contain 0 in their closure correspond to black points.
Conversely, each red (respectively, black) point c *, c * ≠ 0 corresponds to an open half-space P , 0 ∈ P (respectively, 0 ∉ cl P ) with the boundary hyperplane H that corresponds to the point c * under the polarity. Thus, the points located at the same place in the space can have two different colors. Any nonzero point of the space may correspond to one of the two open halfspaces that have a common boundary hyperplane. This correspondence between the set of open half-spaces and the set of colored points will be referred to as the polar correspondence.
Constructing a system of points from a system of linear inequalities. Consider the system of linear inequalities (1.1) with nonzero constant terms, and the system Ᏸ of m half-spaces, each of which is the set of solutions to the corresponding inequality. For each half-space of the system Ᏸ , we construct a colored point that corresponds to it in polar correspondence. Since, in the general case, the system Ᏸ contains the half-spaces containing 0 inside, as well as the half-spaces that do not contain 0 in their closures, the obtained set Ᏸ ' of m points contains both red points and black points. Relate to system (1.1) a system Ᏸ * = Ᏸ ' ∪ {0}, considering the point 0 as red. Let Ꮽ consist of all the black points of the system Ᏸ * and Ꮾ consist of all its red points including 0. Assume that a "hyperplane" of the form (0, x ) = 1 "separates" Ꮽ from Ꮾ if and only if the subsystem Ꮽ contains no points.
Proposition 1.1 (Polarity of solutions).
A point x 0 is a solution to system (1.1) if and only if the hyperplane (x 0 , x) = 1 corresponding to x 0 under polarity strictly separates the subsystems of points Ꮽ and Ꮾ.
Proof. The system of colored points Ᏸ* = Ꮽ ∪ Ꮾ corresponding to system (1.1) is given by Indeed, we take an open half-space P j = {x: (c j , x) > b j } that is the set of solutions to the jth inequality of system (1.1) and construct the corresponding colored point. Let σ be the inversion with respect to the unit sphere S centered at 0 and = c j be the foot of the perpendicular dropped from 0 onto the boundary H j of
---------the half-space P j . The point σ( ) = coincides with the point ; the latter is colored red if 0 ∈ P j or black if 0 ∉ clP j . Slightly transform system (1.1). Divide the jth inequality by the constant term b j for each j =
. We obtain the system Consequently, the point x 0 is a solution to system (1.1) if and only if the hyperplane (x 0 , x) = 1 strictly separates the subsystems of points Ꮽ and Ꮾ. The proposition is proved.
Consider a more general case. As the origin, we take an arbitrary vector z that equates none of the inequalities of system (1.1). Analytically, the system of colored points Ᏸ* = Ꮽ ∪ Ꮾ corresponding to system (1.1) with respect to the origin z is given by At that same time, the point x 0 is a solution to system (1.1) if and only if the hyperplane (x 0 -z, x -z) = 1 strictly separates the subsystems of points Ꮽ and Ꮾ. To prove this, it is sufficient to make the change of variables y = x -z and apply Proposition 1.1 to the system as well as to the system of points = Ꮽ 0 ∪ Ꮾ 0 corresponding to this system with respect to 0, where Ꮽ 0 = Ꮽ -z and Ꮾ 0 = Ꮾ -z. Since the solution y 0 to this system corresponds to the solution y 0 + z of system (1.1), without loss of generality, we may assume that system (1.1) corresponds to the system of points with respect to the origin z.
Formulate also an analog of Proposition 1.1 for an arbitrary system of nonstrict linear inequalities (1.2) with nonzero constant terms. Consider the system of points Ᏸ* = Ꮽ ∪ Ꮾ that is constructed on the basis of the system of strict linear inequalities obtained from Proof. Consider an arbitrary committee K = {x 1 , …,
x q } of system (1.3) and the point = ∈ Ᏸ* corresponding to the jth inequality of system (1.3). If a member , 1 ≤ i 0 ≤ q, of K satisfies this inequality, then > 1 for b j > 0 and < 1 for b j < 0. Thus, the half-space votes for the point . Since the majority of committee K members satisfies the jth inequality, the majority of half-spaces in the set K* = {P 1 , …, P q } votes for the point . Consequently, K* is a committee of the system of points Ᏸ*. The same arguments in the reverse order finish the proof. For brevity, we call an "MCS of system (1.3)" the maximal by inclusion consistent subsystem of system (1.3). Proposition 1.4. Let Ᏸ* = Ꮽ ∪ Ꮾ be a system of points that corresponds to system (1.3) with respect to the origin z ∈ R n . Then, (a) if z satisfies a certain MCS of system (1.3), then
In case (a), Proposition 1.4 is easy to prove using the theorem on strict separability of a point from a closed convex set. In case (b), the proposition follows from (a).
PROCEDURE FOR FINDING THE MEMBERS
OF A COMMITTEE Consider an inconsistent system of linear inequalities (2.1) that has a committee. Let |c j | = 1, j = . Assume that system (2.1) does not contain identical inequalities.
Definition 2.
1. An MCS T of system (2.1) is called marked if it contains a pair of inequalities, called determining, such that any MCS of system (2.1) containing this pair coincides with T, and any solution to the determining pair of the inequalities sufficiently close to an equating element for the inequalities of this pair satisfies the subsystem T.
It can be shown that any marked MCS of system (2.1) includes only one determining pair of inequalities.
Proposition 2.1. Let T be an arbitrarily marked MCS of system (2.1) and S be the determining pair of the inequalities that belongs to T. Then, T consists of all the inequalities of system (2.1) forming, together with two inequalities from S, a consistent subsystem.
The proposition follows from Definition 2.1. Proposition 2.2. Let K be a committee of system (2.1) such that each element of K is a solution to some MCS of system (2.1). Then, any marked MCS's of this system has a solution entering K with a positive multiplicity.
This proposition follows from the fact that any pair of inequalities of system (2.1) has a solution belonging to a committee of this system. In particular, Proposition 2.2 implies that the number of marked MCS's of system (2.1) is not greater than the number of elements of its minimal committee.
Let the half-plane D j be the set of solutions to the jth inequality of system (2.1), and Ᏸ = be a system of half-planes. Below, a ray with its vertex removed will also be referred to as a ray. We call a nonempty intersection of any two closed (respectively, two open) half-planes with nonparallel borders a cone whose vertex is the intersection point of the borders of these two half-planes.
The Procedure for Finding a Marked MCS
Consider a half-plane D (0) ∈ Ᏸ and a point h (0) on its border l (0) that coincides with one of the two 
tex is denoted by h (1) ; h (1) = l (0) ∩ l (1) , where l (1) is the border of the half-plane D (1) . Let r 1 = D (0) ∩ l (1) .
Similarly, the intersection ∩ l (1) : D ∈ Ᏸ, D ∩ r 1 is a ray} coincides with a ray D'' ∩ l (1) , D'' ∈ Ᏸ, and the intersection
Let h (2) be the vertex of this cone, h (2) = l (1) ∩ l (2) , where l (2) is the border of the half-plane D (2) . If h (1) = h (2) , then the procedure is terminated. In the case of h (1) ≠ h (2) , we make the same construction for the line l (2) and the ray r 2 = D (1) ∩ l (2) . Then, we find a half-plane D (3) and the vertex h (3) of the cone (2) , where l (3) is the border of D (3) , and set r 3 = D (2) ∩ l (3) . We go on with this construction process until the inequality = is satisfied for some
We choose a point ∈ ∩ that belongs to so small a neighborhood of the point that ∈ ∈ Ᏸ:
∈ D}. Each of the half-planes and is the set of solutions to an inequality of system (2.1). Denote by S the subsystem of system (2.1) composed of these two inequalities. Consider an arbitrary inequality of system (2.1) that forms a consistent subsystem with the two inequalities from S. Compose the subsystem consisting of all such inequalities. Denote it by T. The procedure is complete.
Theorem 2.1. The introduced procedure is correct. The subsystem T coincides with a marked MCS of system (2.1). Two inequalities of S form a determining pair in T, and the vector is a solution to the subsystem T.
Proof. Let us prove the correctness of the procedure. Since system (2.1) is inconsistent and any its subsystem of two inequalities is consistent, the rank of system (2.1) equals two. Consequently, there exists a halfplane D ∈ Ᏸ such that its border is not parallel to the line l (0) . Since we can choose two extreme points (possible coinciding) among all the points of intersection of the line l (0) with the borders of other half-planes, the choice of the point h (0) and the ray r 0 is possible.
is a ray}. We show that there exists a half-plane D' ∈ Ᏸ 1 such that the ray Ᏸ' ∩ l (0) is codirectional with the ray r 0 . By contradiction, let, for any half-plane D ∈ Ᏸ 1 , the rays D ∩ l (0) and r 0 be counterdirectional. Consider the system Ᏸ 2 = {D ∈ Ᏸ: bdD || l (0) }, where the || sign denotes the parallelism of two lines. Since the intersection of any two half-planes of the system Ᏸ 2 is nonempty, by the Helly theorem there exists a point h' ∈ C = : D ∈ Ᏸ 2 }.
Consider the ray r with the origin at the point h' that is counterdirectional to r 0 . Clearly, ⊂ C. Since the intersection ∩ r: D ∈ Ᏸ 1 } is a ray, some point ∈ belongs to the intersection : D ∈ Ᏸ}, which is impossible due to the inconsistency of system (2.1).
Therefore, there exists a half-plane ∈ Ᏸ 1 such that the rays ∩ l (0) and r 0 are codirectional and, con-
Since the intersection
Since the intersection Show that
We prove this inclusion for k = 2 since, for k > 2, the proof is similar. If h (2) = h (1) , then r 1 = D (2) ∩ l (1) in view of the equality (1) owing to the equality
Consider the case of h (2) ≠ h (1) . In this case, (2) and h (2) ∈ D (0) . If the halfplane E ∈ Ᏸ is such that the rays E ∩ l (0) and 
Hence, each of the two border rays of the cone cl(D (1) ∩ D (2) ) belongs to the half-plane
It can be similarly proved that cl(
≠ ∅, the choice of the point and the subsystem T is possible and, consequently, the introduced procedure is correct.
proof is analogous. Consider a half-plane E ∈ Ᏸ with (2) and, consequently,
∈ l implies that E contains at least one of the border rays of the cone D (0) ∩ D (1) . Therefore, one of two cases occurs: either
Consider an arbitrary half-plane E ∈ Ᏸ with the bor-
is a ray, then the set cl(E ∩ D (1) ∩ D (2) ) is a triangle with a vertex h (2) . Thus, h (2) ∈ E. Let one of the intersections E ∩ D (2) ∩ l (1) and
is a ray, then h (2) ∈ E in view of equality (2.2) and tak-
Moreover, any element of the intersection
Since the set of solutions to any inequality of the subsystem T is a half-plane D ∈ Ᏸ such that D ∩ ∩ ≠ ∅, it follows that is a solution to the subsystem T. Hence, T is an MCS of system (2.1).
The half-planes and are the sets of solutions to the inequalities, which form the subsystem S. Consequently, the subsystem T is a marked MCS of system (2.1), and S is the determining pair of inequalities in T. The theorem is proved.
Consider an arbitrary half-plane D (0) ∈ Ᏸ and a ray r 0 on its border l (0) containing both extreme points of the intersection of l (0) with the borders of the other halfplanes of the system Ᏸ and having one of these extreme points as the vertex. Denote this vertex by h (0) . Applying the procedure to the given half-plane D (0) , the line l (0) , and the ray r 0 , we obtain a solution to some marked MCS T of system (2.1). Let Ᏸ' = ⊂ Ᏸ be the sequence of half-planes formed by the procedure. Consider an arbitrary inequality of system (2.1) such that the set of its solutions (that is a half-plane)
belongs to Ᏸ'. Compose a subsystem of all these inequalities and denote it by T'. Corollary 2.1.1. The subsystem T contains the subsystem T'.
Further, for brevity, we consider the application of the procedure to the half-plane D (0) ∈ Ᏸ and the ray r 0 on its border l (0) under the assumption that the ray r 0 contains both extreme points of the intersection l (0) with the borders of other half-planes of the system Ᏸ, and that it has its origin at one of these extreme points. Proposition 2.3. Let T 0 be an arbitrary marked MCS of system (2.1) with the determining pair of inequalities S 0 . Then, there exist a half-plane D (0) ∈ Ᏸ and a ray r 0 on its border such that T 0 = T and S 0 = S, where T and S are the subsystems obtained by applying the procedure to the half-plane D (0) and the ray r 0 . The obtained vector is a solution to the subsystem T 0 .
Proof. Let the half-planes E and E' be the sets of solutions of two inequalities composing the subsystem S 0 . Set D (0) := E. Let T and S be the subsystems obtained by applying the procedure to the half-plane D (0) and the codirectional to the ray E' ∩ l (0) ray r 0 on its border l (0) . Following this procedure and applying Proposition 2.1 and Definition 2.1, we can show that this procedure forms a sequence Ᏸ' = ⊂ Ᏸ such that D (1) = E' and D (2) = E. Therefore, S 0 = S and, consequently, T 0 = T. The proposition is proved. Denote by l j the boundary line of the half-plane D j , j = . Corollary 2.3.1. The ith and jth inequalities of system (2.1), i ≠ j, form a determining pair for some
marked MCS if and only if (c i , ) = b i , (c j , ) = b j for some ∈ R 2 and the following equalities hold:
Along with system (2.1), consider the corresponding system (2.8) Proposition 2.4. Let n 0 be the number of marked MCS's of system (2.1). Then, n 0 ≥ 3. If there exists a committee of system (2.8), then n 0 ≤ q H , where q H is the number of elements of the minimal committee of system (2.8).
Proof. Let us prove that n 0 ≥ 3. Let D (0) ∈ Ᏸ be an arbitrary half-plane. Applying the procedure to the halfplane D (0) and an arbitrary ray on its border, we find a marked MCS T 1 of system (2.1) and the determining pair of inequalities S 1 belonging to T 1 . Let the halfplanes E and E' be the sets of solutions to the inequalities from S 1 . Consider the marked MCS T 2 obtained by applying the procedure to the half-plane D (0) = E and to the ray r 0 on its border l (0) = bdE, which is counterdirectional to the ray E' ∩ l (0) . We show that T 1 ≠ T 2 . Following the procedure for finding the subsystem T 2 , we consider the intersection
Since T 1 does not coincide with system (2.1), by Proposition 2.1, there exists a half-plane
Moreover, the rays and E' ∩ l (0) do not intersect; consequently, the rays r 0 and are codirectional. Thus, the intersection ∩ r 0 is a ray. Since the half-planes E and E' are the sets of solutions to the inequalities of the determining pair in the marked MCS, any element of the cone E ∩ E' lying in a sufficiently small neighborhood of its vertex belongs to the intersection ∈ Ᏸ:
Following the procedure, consider the intersection
1.1, the inequality of system (2.1) whose set of solutions is D (1) belongs to the subsystem T 2 . Taking into account
Thus, this inequality does not belong to the subsystem T 1 , i.e., T 1 ≠ T 2 .
We set D (0) := E' and consider the marked MCS T 3 obtained by applying the procedure to the half-plane D (0) and the ray r 0 on its border l (0) that is counterdirectional to the ray E ∩ l (0) . Similarly, it can be shown that T 1 ≠ T 3 . Let us prove that T 2 ≠ T 3 . By Corollary 2.1.1, the inequality of system (2.1) whose set of solutions is the half-plane E belongs to the subsystem T 2 , and the inequality of this system whose set of solutions is E' belongs to T 3 . In the case of T 2 = T 3 , we obtain that the pair of inequalities S 1 belongs to each of the subsystems T 2 and T 3 , and, consequently, T 1 = T 2 = T 3 , what is impossible by the proved above. Thus, the subsystems T 1 , T 2 , and T 3 are different; hence, n 0 ≥ 3.
Suppose that there exists a committee of system (2.8). We show that n 0 ≤ q H . As it was proved in [1] , the number q of members of a minimal committee of system (2.1) is not greater than q H . However, n 0 ≤ q, that is n 0 ≤ q H . The proposition is proved.
The upper and lower estimates for the number n 0 given in Proposition 2.4 are sharp. Example 1. Let q be an odd integer, q > 1. Consider a regular q-gon such that the set V of its vertices lies on the unit circle centered at 0. Consider the system of q linear inequalities (2.9) It can be shown that the number of members of a minimal committee of this system is equal to the same number for the system and equals q. At the same time, the number of marked MCSes of system (2.9) is also equal to q.
Below [x] denotes the integer part of the number x, and k mod l denotes the remainder from division of k by l, where k and l are integers. Example 2. Let q be an odd integer, q > 1. We partition the unit circle C centered at 0 into six arcs of length π/3 and choose three pairwise disjoint arcs γ 1 , γ 2 , and γ 3 among them. Let p = and r = mod 3.
For each i = 1, 2, 3, consider a finite subset of points Ꮽ i on the arc γ i that does not contain the endpoints of this arc, |Ꮽ i | = p, i = in the case where r = 0 and
where r > 0. Let Ꮽ = . Obviously, |Ꮽ| = 3p + r = .
Consider two different points a and a' from Ꮽ 1 such that the shortest arc ω of the circle C connecting them contains no points of the set Ꮽ 1 other than a and a'.
Take a point b on the arc ω that is equidistant from its endpoints. Compose a finite set Ꮾ 1 ⊂ γ 1 of the points b = b(a, a') for all the pairs of different points a and a'
of the set Ꮽ 1 satisfying this condition. Construct in a similar way finite subsets of points Ꮾ 2 ⊂ γ 2 and Ꮾ 3 ⊂ γ 3 . It is easy to see that
Obviously, |Ꮾ| = . Consider the system of q linear inequalities
It can be shown that the number of members of its minimal committee is equal to q and the number of marked MCS's is equal to three. Consider a consistent system of linear inequalities (2.10)
Suppose that system (2.10) does not contain identical inequalities and has rank two.
Consider the system of the half-planes Ᏸ = , where D j is the set of solutions to the jth inequality of system (2.10). Since system (2.10) is consistent, the vector is obviously its solution. The proposition is proved.
, 
ALGORITHM FOR CONSTRUCTING A COMMITTEE
Consider an inconsistent system of linear inequalities
such that any system of two equations is consistent, and any system of three equations with different i, j, and k is inconsistent.
Step 1. Finding marked MCSes. Consider the system of half-planes Ᏸ = , where D j is the set of solution to the jth inequality of system (3.1), . Let D ∈ Ᏸ be an arbitrary half-plane and r be a ray on its border. Assign D (0) := D. Applying the procedure described in Section 2 to the half-plane D (0) and to the ray r 0 on its border codirectional to the ray r, we find a marked MCS of system (3.1). Applying the procedure to the half-plane D (0) and to the ray r 0 on its border, counterdirectional to the ray r, we find, in the general case, another marked MCS of system (3.1). Repeat the same for any half-plane of the system Ᏸ. As a result, we obtain the set of all (different) marked MCSes of system (3.1) and the set whose each element is a solution to the corresponding marked MCS.
Step 1 is completed.
Consider the subsystem
of system (3.1), where the vector z ∈ R 2 equates none of the inequalities of system (3.1).
Step 2. Constructing a minimal committee of subsystem (3.2). Find (see [1] ) the index sets for all MCSes of the system Using [1] , we can show that the collection K 0 = is a minimal committee of system (3.2). Consider the system Ᏽ' = Ᏽ'(K 0 ) consisting of all inequalities of system (3.1) such that each inequality of Ᏽ' is not satisfied by elements of the collection K 0 .
Obviously, the system Ᏽ' contains none of the inequalities of system (3.2). Moreover, using [1] , we can prove that each inequality of system (3.1) not containing in Ᏽ' is satisfied by at least elements of the collection K 0 .
1 m ,
Construct the system of points Ᏸ* = Ꮽ ∪ Ꮾ corresponding to system (3.1) with respect to the origin z. Each inequality of system (3.2) corresponds to a point of the system Ꮽ, and each inequality of system (3.1) that does not belong to system (3.2) corresponds to a point of the system Ꮾ. Consider the system of points Ꮾ' ⊂ Ꮾ corresponding to the system Ᏽ'. To construct a committee of system (3.1), it is sufficient to find a committee of the system of points Ᏸ*. Below, by an angle with the vertex at 0, we mean a closed convex cone bordered by two (possibly coinciding) rays with a common vertex. These rays are referred to as sides of the angle. At the same time, the notion of angular measure and adjacent angle are defined according to the standard terminology for the angles. At
Step 3, new elements will be added to the set of halfplanes K*. By the construction of the set Ꮾ 1 , there exists an angle with the vertex at 0 and the angular measure less than π that contains this set. Let α be the minimal angle among all such angles. If Ꮾ 1 is a one-point set, then α is the zero angle. Extending the sides of the angle α to the lines, consider the angles β 1 and β 2 , which are adjacent to the angle α. By construction of the set Ꮾ 1 , any point of the system Ꮽ belongs to one of the angles β 1 and β 2 . For definiteness, let Ꮽ 1 ⊂ β 2 and Ꮽ 2 ⊂ β 1 . Let also Ꮾ 1k = Ꮾ ∩ (α ∪ β k ). Consider the consistent subsystem of system (3.1) corresponding to the system of points Ꮽ k ∪ Ꮾ 1k ∪ {0}, k = 1, 2. We find a solution to an MCS of system (3.1) containing the subsystem and assign P k = {h: ( -z, h) > 1}, k = 1, 2.
If Ꮾ 2 = Ꮾ ∩ (P 1 ∩ P 2 ) ≠ ∅, then we construct two more half-planes. Let γ be the minimal of the angles with the vertex at 0 and the angular measure less than π that contain the set Ꮾ 2 . Extending the sides of the angle γ to the lines, consider the angles and adjacent to the angle γ. Let Ꮽ 1 ⊂ and Ꮽ 2 ⊂ . Consider the set
be a consistent subsystem of system (3.1) corresponding to the system of points Ꮽ k ∪ Ꮾ 2k ∪ {0}, k = 1, 2. We find a solution to an MCS of system (3.1) containing the subsystem and assign P k + 2 = {h:
We assign K* := K* ∪ {P i }, where the collection {P i } contains two or four members. It is easy to see that at least half of the half-planes of the union {P i } vote for each point of the system Ᏸ*. We exclude from all the points for which the majority of members in {P i } votes. If ≠ ∅, then go to Step 3. However, finally, case = ∅ arises, and then K* becomes a committee of the system Ᏸ*. The algorithm terminates. At the end, we have K* = for an odd integer q, where
is a committee of system (3.1).
AN EXISTENCE CRITERION FOR A COMMITTEE OF THREE MEMBERS Consider an inconsistent system of linear inequalities (4.1)
that has a committee. Let |c j | = 1, j = . We assume that system (4.1) does not contain identical inequalities.
Let Ᏸ be a system of half-planes which are the sets of solutions to the corresponding inequalities of system (4.1). Below, we apply the procedure described in Section 2.
Constructing a Committee of Three Members
Let D (0) ∈ Ᏸ be an arbitrary half-plane. Consider a marked MCS T 1 of system (4.1), its solution , and the determining pair of inequalities S 1 that belongs to T 1 , which are found by applying the procedure to the half-plane D (0) and to an arbitrary ray on its border. Let E and E' be the half-planes that are the sets of solutions to two inequalities forming the subsystem S 1 . Assign D (0) := E. Applying the procedure to the half-plane D (0) and to the ray on its border l (0) that is counterdirectional to the ray E' ∩ l (0) , we find a marked MCS T 2 of system (4.1) and its solution . Assign D (0) := E'. Consider the marked MCS T 3 and its solution that are found by applying the procedure to the half-plane D (0) and to the ray on its border l (0) counterdirectional to the ray E ∩ l (0) . Let = { , , }.
Proposition 4.1. System (4.1) has a committee of three members if and only if the set is a committee of this system.
Proof. Let K be a committee of system (4.1) consisting of three members such that each its member is a solution to an MCS of system (4.1). From the proof of Proposition 2.4, it follows that the marked MCSes T 1 , T 2 , and T 3 of system (4.1) obtained by the algorithm are different. By Proposition 2.2, the marked MCS T s has a solution h s belonging to K with multiplicity 1, where
Since the vector is a solution to the subsystem T s , it follows that is a committee of system (4.1). The proof of the second part of the proposition is obvious. The proposition is proved.
Proving proposition 4.1, in fact, we also proved the following proposition. Proof. Necessity. Let K be a minimal committee of system (4.1) consisting of three members. Then, K is a committee of any its subsystem Ᏽ' consisting of 5 inequalities. Therefore, as it was shown in [3] , the subsystem Ᏽ' contains a consistent subsystem of at least four inequalities.
Sufficiency. Suppose that any subsystem of system (4.1) consisting of five inequalities contains a consistent subsystem of 4 inequalities. Consider three marked MCSes T 1 , T 2 , and T 3 of system (4.1) and a set of points = { , , }, where is the solution to the subsystem T i , i = , which are found by applying the construction described before Proposition 4.1.
Prove that the jth inequality of system (4.1) belongs to at least one of two subsystems T 1 and T 2 , where j = 1, …, m. Let S 1 and S 2 be the determining pairs of the inequalities that are contained in the subsystems T 1 and T 2 , respectively. Uniting S 1 and S 2 in one subsystem and adding to it the jth inequality, we obtain a system of five inequalities, which may contain identical ones.
Consider a subsystem Ᏽ' of this system that consists of all different inequalities. Since T 1 ≠ T 2 , the set of solutions M 1 to the pair of inequalities S 1 have no common We show that this system contains a consistent subsystem of cardinality |Ᏽ'| -1. For |Ᏽ'| = 5, the existence of such a subsystem follows from the hypothesis. Since the system Ᏽ' has a committee, for |Ᏽ'| = 4 and also for |Ᏽ'| = 3, the existence of such a subsystem follows from [3] . Then, from [4] it follows that there exists a committee K' of system Ᏽ' consisting of three elements. Since M 1 ∩ M 2 = ∅, the committee K' has two different members, one of those satisfies the pair of inequalities S 1 and the other one satisfies the pair of inequalities S 2 . However, one of these two members, let us say the first one, satisfies the jth inequality; hence, by Proposition 2.1, we find that the jth inequality belongs to T 1 . Analogously, it can be shown that the jth inequality belongs to at least one of two subsystems T 2 and T 3 , and, therefore, it can be shown that this inequality belongs to at least one of the subsystems T 1 and T 3 . Consequently, at least two members of satisfy the jth inequality. Thus, is a committee of system (4.1). The theorem is proved.
From [4] it follows that, if the cardinality of MCS of system (4.1) with the largest number of inequalities is equal to m -1, then system (4.1) has a committee of three members. Suppose that system (4.1) satisfies the conditions imposed on it in Section 3. Consider the committee = (z) of system (4.1) obtained by the algorithm for some z ∈ R 2 that equates none of the inequalities. .2) is inconsistent, then is a committee of system (4.1) that consists of three members.
Proof. Let K be a minimal committee of system (4.1) consisting of three members such that each its element is a solution to an MCS of system (4.1). Then, K is a minimal committee of system (4.2) in view of its inconsistency. Consider the set Ᏽ 1 , Ᏽ 2 , Ᏽ 3 of all (different) MCSes of system (4.2). Then, K = {h 1 
where h i is a solution to the subsystem Ᏽ i , i = . It is easy to see that there are three marked MCSes of system (4.1). Therefore, at Step 1, the algorithm constructs
, the set of the marked MCSes of system (4.1) and the set , each element of which is a solution to the corresponding marked MCS. By Proposition 4.2 applied to the committee K, all members of this committee are solutions of the marked MCSes of system (4.1). Consequently, for any i = 1, 2, 3, the subsystem Ᏽ i belongs to a marked MCS of system (4.1). At the same time, two subsystems and , i 1 ≠ i 2 cannot belong to the same marked MCS, since their sets of solutions are disjoint. Then, following the algorithm at
Step 2, we obtain a set K 0 = { , , } that is obviously a committee of system (4.1). Hence, the algorithm is completed at the end of Step 2 and = K 0 . The proposition is proved. Since the substitution h' = h -z defines the parallel translation on the vector -z, the convex polygon bordered by the lines (c j , h') = , j = , has m sides and contains 0 in its interior. Any committee of system (5.2) can be easily transformed into a committee of system (5.1). Thus, the construction of a minimal committee of system (5.1) will be made under the assumption that 0 ∈ intM 0 .
SYSTEMS ON THE BORDER OF A CONVEX m-GON
of system (5.1) that consists of all its inequalities with positive constant terms. Without loss of generality, we may assume that this system is composed of k 1 first inequalities of system (5.1) for some k 1 , 1 ≤ k 1 ≤ m. Below, a system Ᏽ' will be constructed that contains system (5.1). At first, the system Ᏽ' coincides with system (5.1). In the process described below, the new inequalities will be consecutively added to the system Ᏽ'. We augment the system Ᏽ' with the inequality Obviously, the polygon M = has m + k 1 sides and 0 ∈ intM. Since system (5.1) is inconsistent, it follows that k 1 ≥ 2 and, consequently, the polygon M is bounded. Below, two sides of the polygon M are called neighbor, if they are incident to a common vertex of M.
Constructing a Minimal Committee
Let Ᏸ = be a system of half-planes, each one being the set of solutions to the corresponding inequality of system (5. 
where q 0 is the number of members of the minimal committee of system (5.3).
Using [1] , we can prove the following lemma. 
Then, the half-plane E i is disjoint with the side u 1 , i.e., 0 Therefore, the elements of the collection K 0 have multiplicity 2 in L and the elements of the collection L' that do not belong to K 0 have multiplicity 1. Then, q = p -q 0 .
Let for definiteness, L' = , = , and
Consider the system of points Ᏸ* = Ꮽ ∪ Ꮾ that corresponds to system (5. It is easy to see that the endpoints of any broken line Γ t , 1 ≤ t ≤ p 0 , are two points a k and a n (perhaps coinciding) of Ꮽ for two different k and n, 1 ≤ k, n ≤ p. We show that a ∈ Γ t if and only if a ∈ δ k ∩ δ n . If a ∈ Γ t , then a ∈ δ k , since Γ t ⊆ and
it can be shown that a ∈ δ n . Conversely, if a ∈ δ k ∩ δ n , then a ∈ ∩ . If a k ≠ a n , then ∩ = Γ t , and, in the case a k = a n , we have ∩
whence a ∈ Γ t .
Since Γ t ∩ Ꮾ 0 = ∅, the part of the broken line connecting the points and contains no points of the system Ꮽ. Therefore, if a ∉ Γ t , then a belongs to just one of two broken lines δ k and δ n . Moreover, obviously, the point a belongs to just one broken line of the family . Summing up over all the broken lines of this family, we obtain that a belongs to exactly p 0 + 1 broken lines of the family ∆, i.e., v(j) = p 0 + 1. Calculate now the number w(j). Since h q + s = g s , s = , by construction of the element h q + s and by Lemma 5.1, the set is a minimal committee of system (5.3). At the same time, since the jth inequality belongs to system (5.3), exactly elements of the committee satisfy this inequality; hence, w(j) = . Then,
Calculate the number v(j) in the case where a point b ∈ Ꮾ corresponds to the jth inequality. Consider the family of broken lines ∆' = , where = Let us prove that is a minimal committee. Consider an arbitrary committee K 1 = of system (5.4) such that all its elements are solutions to some MCSes of system (5.4). We show that q 1 ≥ p -q 0 . The set of solutions to the subsystem Ᏽ s , 1 ≤ s ≤ q 0 coincides with the set of solutions to a pair of its inequalities, which is, as has been proved above, the determining pair of a marked MCS T s of system (5.4). Since K 1 is a committee of system (5.4), the collection = is a committee of the system Ᏸ*. By Propo- This, in particular, implies that, if a half-plane of the collection votes for two points a i and b i , and also for two points a j and b j , i, j ∈ I 2 , i ≠ j, then this halfplane coincides with neither nor . Denote by p 1 the number of such half-planes contained in the collection . Consider also all such half-planes of this collection that vote for a certain pair (and only for this pair) of points a i or b i , i ∈ I 2 , and denote by p 2 the number of all these half-planes. Since
